
Math 564: Real analysis and measure theory
Lecture 6

Caratheodory's extension (unipeness) . Let a be an algebra on a set X and be a premeasure

on A
.

Ther for each extension o ofh to a measure on ator
,
we have out

IfI is definite , then v = Mt.

Proof
.
Since no in defined as int over covers by sets in A, we fix a set Seater

and a cover (AnhueNEA of 3
,

and show What visi = ZM(Aa) . But
NEIN

this follows from tbl subadditivity of 0 :

~ (s) = v(VAn) = [v(Aul=MIA) .

NEIN HEIN

This gives v < M*
Now assume M is offinite

.

It's actually enough to prove veno assuming m is finite

banse given a witwen to 0-Ghikness
,

2 . e . a partition X= Xu with each Xn

and MIXn) < & , the fact that 0x =Moxn for all a implies
v (s) = v(4S1xn) = [0(s1x2) = [M*(S1Xu) = MH)(S1Xu) =u

+(s)

for each SosAtr.
U L

Thus
, suppose M is finite . We show that the function S

S+v(S) : < A20 -> 10 , MIX) is continuous not the
psen-

-

do-metric dut . Indeed
,
it's 1-Lipschitz : Xo X .

Xz ...

(v (Si) - v(sz)( = v(S,S2) + v(siSi) = v/S, ASc) -M
* /S , ASc) = dus (S, 32l ·

So v and ne are continuous functions on >Aso which coincide on a set A
which is dense in Aar wit dut bes Aar : Alo

Thus
,
0 = M
*

everywhere onA 7.

Tues ,
there we unique measures extending the Bernoulli and Lebesque preme

sures
,

and we call them Barnoulli and Lebesque measures . By Bernoulli
,
we mean



the processure we obtained on chopen sets on A* for finite A and
ony poob.

measure m on A .
The corresponding Bernoulli measure is denoted by mIN.

Det . For a metric/topological space X
, a

Bonel measure is any measure defined
on the Bonel 5-algebra B(X)

.

Examples. Lebesque and Bernoulli measures are exaples of Borel measures.
So is any Dirac measure at a point.

Counterexample to uniqueness of extension.

let A be the algebra on IR generated by intervals of the form 20
, b) for as b.

Note that of consists of disjoint unions of intervals of this form
.
DefineIn on t by

u(s) : = 30 its=

The CATO = B(IR) benetbl unions of these intervals give any open interval.
The outer measure ME on B(IR) is

m*(B) = 10 ifBe a
The counting measure U. on BIR) is also an extension

,
but it's not equd loud :

1 = v
. (40)) < M

& /102) = 0 .

Also the meanes o on BIR) defined by

v (B) : = 10 itB
is this

is get another extension.

We have UUc
* and 0 = 0(303) < 1 = 0c 1903) < d =M * (203).



Null and measurable sets.

Def
.

Let (X
,
B
, a) be a measure space . A set AX is called -wall if there is BB

such that A=B and M(B) = 0. Denote the family of all re-wall bets by Nulle

Observation . M-wall sets form a videal
,
i
.

e. they are closed under subsets (downward
and under etbl unions. In particular , if z is Mo null then OC)= Nulle.

Proof
.

If theIn are u-null , then En ? EnCB and MCEn) = 0, soUEEVEand

MIUEM= 0 = 0
.

Def
. For any

outs A
,BEX ,

write A =B if AAB is -wall
Call a set A=X M-measurable if A = B for some BEC

.

Demote by
Measu the collection of all he-measurable sets.

Observation
. Measu is Falgebra. In fact , Measu =< BU Nulluir.

Proof. For complements ,
we have AAB wallIt AAB is will bese AB =ALB?

For itblurious
,
if An ABa in null and BnGB

(An) AN Bm) = VCAnABil and the latter is well . Thus Measu > BVNullase and the

m W other inclusion follows by the def
.
of -meas . Sets.

Remark
.

It is a HW exercise to show What Measu is what we obtain in bot

Carathcodory's and Two's proofs of Cavallodors extension.

Prop . let (X , B, r) be a messure space. Then :

JBLZ : BeB und Zisprnnl) = Measu = (BIE : BEB and Ein M-mull? .
Proof

.

Since BUE and BIZ are lames, it's enough to show that every homens, set

is of those two forms
. Let M be a momess . Set , so MAB = :z is -wall

for



B Z

some BAB . Thus
,
M = BLE

.

Let EE be in B and -M
such that (E) = 0 . Let

B' := Bl and B : = BUE
.

Then

3 L (BnIE(z))U(Binz) = M = B) (B1z) \(B'n(Evz))
.

Check at home
.

Cor
.

For anyuomess
but M

,
there are Bo

,
B , <B such that

Bi = M2 Bo and M/Bo) = M(B1 , i . e . BoAM and MAB , are worl.
MB ,⑬

Def
.
A measure space (X

,
B
, u) is called complete if B = Measu

Prop (completion) . Every messure M on a measurable space ( , B) admite a unique

completion , i .e . a unique extension to a measure on Measu
.

Proof. Existence : Let M be -measurable, so M = BAZ where BEB and E ism-mall.
Then define in (M) : = M(B) . We show that this is well-defined :
if BoAZo = M = B , AZ , with BiEB and Zim-mull , then BoABi = (Mazo) A
IMAZ.) = ZoAZ , EZoUZ

,
so Bo =MB , he MlBo-Bil .

Uniqueness : Any extension o satisfies v(Z) = P for all ze Nalle by monotonicity , so
wherever M = BAZ with BEB and Ze Walle , we must have

~ (M) = v(B) + v(z) - 2 - v(z1B) = v(B) = M(B) .

Remark. There are typically many more sets in Measu than in B
.

For example , if X is a
249the

metric/topological space, then it
has at most continuum many F12M1

= /IRI) Borel sets while
there are 2

continuum
= 12 / many measurable sets iflee is a continuum sized will set.

For example , the standard Cantor set 2 : 20
,
B is X-null

,
wheredis lebesque measure, 10 P(K)

= Nully = Measy . But [ =2 so /Meak-10(2)) = / P(IR)) = 121*/ > /IRI = 18(IR)) .


